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Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10

1 A particle is moving along a straight line.
Initially its displacement is x = 2, its velocity is v = 3, and its acceleration is a = 3.

Which of the following is a possible equation that describes the motion of the particle?
A, v=3+In(x-1)

B. v2=6(x—3)
C. \/:3+2cosﬂ
2

D. v=e" 42

2 Which of the following is the primitive of J tan” x dx ?

You may assume that J tan” x dx = J tan® xsec’ x dx — J tan” x dx .

tan’x tanx

A. tan’ x —tanx +x +C B. T +x+C
tan x tan’ x
C. tan3x—T+x+C D. —tanx+x+C
3 A particle moving in a straight line obeys v* = —x” +2x + 8, where x is its displacement

from the origin in metres and v is its velocity in m/s.
Given that the motion is simple harmonic, what is the amplitude?

A. 27 metres
B. 3 metres
C. 8 metres
D. 9 metres



A mass of m kilograms falls from a stationary balloon at height # metres above the ground.

It experiences air resistance during its fall equal to mkv> where v m/s is its speed and k is a
positive constant. The distance, in metres, of the mass to the ground as it falls is x.

The acceleration due to gravity is given by g and the positive direction is taken to be upwards.
What is the equation of motion?

A. i=g-hk’
B. ¥=g+hk’
C. ¥=—g+hk’

D. ¥=-g—hkv’

sin X cosx
Which of the following is an expression for j —dx?
5+sinx
A. —SIn‘ 5+sinx‘+C
B. 51n| 5+sinx‘+C
C. —sinx—Sln‘ 5+sinx|+C
D. sinx—51n| 5+sinx|+C

Which of the following is the complex number 4\/5 -4i?

in

A. 4e ©
st
B. 4e®
C. 8e ©
ST
D. 8e



10

© ~dx
(1+¢€")
Which of the following shows the new integral, after the substitution is complete?

e 1
J “ > du B. J “ > du
, (I+u) o (I+u)

1 e
C. J ! > du D. J ! > du
o (1+u) , (I+u)

X
X

1
A student used a substitution in order to solve the definite integral J
0

Let 1= J xsinx dx . Given also that [ = J (7 — x)sin(zr — x) dx , which of the
0

0
following is the value of 1?

A. T B.

(SRR

&~

Without evaluating the integrals, which one the following integrals is greater than zero?

i1 ’
A. j TOOSY i B. J sin” (x°) dix
_z X _z
¥ tan’ 1
X
C J —d. D J (x*=4)e™ dx
z X
- -1

Let P be a polynomial with real coefficients. If P(Z)=2-i, what is the value of P(z)?

A. 2—1i
B. 1—2i
C 2+
D. 1+2i



Section I1

90 marks
Attempt Questions 11-16
Allow 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Use a SEPARATE Writing Booklet.

(a) z,=2+3i, z, =3+2i and z, = a+bi, where a and b are real numbers.
(1) Find the exact value of |z1 + zz| . 1
(i1))  Find the exact value of Re(zlfz) 1
(i)  Given that w = ﬁ, find w in terms of @ and b, 2
Z

giving your answer in the form x + iy, where x and y are real numbers.

(b) Sketch on separate Argand diagrams

(i) |z+2i|=2 2

T
1 arg(z)=— 2

i) arg(z)="7
(iii) | z+3i|=|z-1| 2

(¢c) LetzZ=4+4i.

(1) Find z and express it in the form a + ib, where a and b are real numbers. 2
(i) IfZw=z"- 22\/5 , find w and express it in modulus-argument form. 2
(iii)  Ifiz is a solution to x" + k = 0, where k and » are positive integers, 1

find a possible value of #.



Question 12 (14 marks)

(a)

(b)

(©)

Evaluate the following integrals:

r3
9
1 dx
© Jo9+x?
i (1 ;
ii x
J 1 x+\/;
rS
(iif) LN
J2 x—l

Find the primitive for the following real functions:
(1) xInx
1

i) (9-x°)

13— 4x .
Qx+1)>(x+3)

13-4x 6 A

Use a SEPARATE Writing Booklet.

B

You may use

(2x+1) (x43) @417 (@2x+)) (x+3)

(Do NOT prove this.)



Question 13 (14 marks) Use a SEPARATE Writing Booklet.

(a)

(b)

(©)

(d)

A particle moves in simple harmonic motion.

Its equation is x = acos \/Et —2sin (\/Et + %), where aeR.

This could be written as Acos(\/zt + 8), where €, 4e R and 4 >0 (Do NOT prove this).
The particle’s maximum velocity is 2\/§ m/s. Find A4.

The side of a marquee is supported by a vertical pole supplying a force of F newtons

and a rope with a tension of 120 newtons.
The tension in the marquee fabric is 7 newtons as shown below.

Not to scale

Marquee
F A Rope
30 120 N
Pole

Find the exact values of 7 and F.

The polynomial P is given by P(z) = z* — 223 + 1262* — 242z + 605.
(1) Given that (z — ki) is a factor of P, find k, where £ is a real number.

(i)  Hence, or otherwise, state all the zeroes of P in cartesian form.

A particle 4 is projected horizontally at a velocity of 50 m/s from the top of a tower

which is 100 metres high.

At the same instant, another particle B is projected from the bottom of the tower, in the same
vertical plane at a velocity of 100 m/s with an angle of elevation of 60°.

Using the base of the tower as the origin, show that the particles will collide and find the
co-ordinates of the point where they do so.
The position vector of the particle, r, from an initial point (4, k), at time ¢ is

2
r(t)= (Vtcos(p + h)i + (—% + Vtsing + kjg , (Do NOT prove this)

where V' is the magnitude of the initial velocity and ¢ is the angle, with respect to
the horizontal, of the initial velocity.

Use g = 10 and give your answer to the nearest metre.

Question 13 continues on page 9



Question 13 (continued)

(e)

A Formula 1 testing vehicle of mass M kg is capable of a top speed of 360 km/h.

After it reaches this top speed, two different retarding forces combine to bring it
to rest:

: : 2 .
First, a constant breaking force of 3 M newtons due to the application of the brakes.

Second, due to a parachute released from the back of the vehicle, a resistive force of
2

newtons, where v is the speed of the car in metres per second.

After the vehicle has reached top speed both of the above forces are applied and the
vehicle eventually comes to a stop.

Show that the distance travelled, x metres, after the application of the two forces,
80+100° j

2

is given by x=1001n
8 Y ( &0+v

End of Question 13



Question 14 (17 marks) Use a SEPARATE Writing Booklet.

24 x+1

(a) Integrate e with respect to x.

(b) Using mathematical induction, prove that 1+ % +...+ 1 > 2

b
n n+l
for n>2 and n is an integer.

(©) A particle is moving along the x-axis so that its acceleration after ¢ seconds is given by
¥ =4x(x*=3)

The particle starts at the origin with an initial velocity of \/E cm/s.

(1) If v is the velocity of the particle, find v’ as a function of x.

(1))  Show that the particle remains at all times within the interval —1<x <1.

N

. . d.
(d) Consider the integral /= j —xz
. x(1+x7)
" du
(1) Using an appropriate substitution, show that / = j . ,
. tanu

stating the values for a and b.

(i)  Hence show that /= %(m 3-In2)

Question 14 continues on page 11

- 10—



Question 14 (continued)

(e)

In the Argand diagram below, two concentric circles have radii » and R, where » < R.
The centre, C, of the two circles is represented by the complex number ci.

The larger circle touches the real axis only once and that is at the origin.

The chord OB is tangential to the smaller circle.

OB makes an angle 8 with the real axis.

Other points are marked for convenience if necessary.

In general, BD is NOT parallel to the imaginary axis.

Im(z)
A
E
B
Ce.
A
D
0
> Re(z)
@)
(1) Given that the equation of the region bounded by the two circles, inclusive

of the circles, is » <‘ z—c | < R, write an expression for the complex number

at point B, in terms of 7, R and &, in exponential form.

(i1) Show that the complex number represented by D on the Argand diagram is

i0
\N2R* =2rR xe?,

interms of , R and 6.

End of Question 14

— 11—



Question 15 (14 marks) Use a SEPARATE Writing Booklet.

(a)

(b)

A triomino is an L-shaped tile made up of 3 one by one square tiles as shown below.
Use induction to prove that triominoes may be placed on a 2" by 2" square board in
such a way that there is only ever a single one by one square left uncovered.

The triominoes may not overlap.

Hint: consider the position of the uncovered square in each inductive step.

A vertical spring is attached to a ceiling in a room. A mass m kg is attached to the spring’s
other end and as a result the spring stretches by a distance / metres and reaches an equilibrium
position. The forces acting on the mass, which is not moving, are the gravity force, mg, and
the force of spring, £/, where £ is a constant.

The mass is then pulled down by a distance 4 metres from the equilibrium position and then
released. The spring starts to move in simple harmonic motion.

Let x metres be the displacement of the mass at time ¢ seconds and the positive direction
measured in a downwards direction. The mass m at a distance x metres (x < 4 ) experiences,
while moving, a spring force k(/+ x) and the gravity force mg as shown.

[ - - - \

(1) Show that the equation of the motion of the particle is X = —Ex .
m

(i1) Given that x = Acos(a)ot + a) is a solution of the differential equation in part (i),
show that
k

@y =,|—-
m

Question 15b continues on page 13

—12 —



Question 15 (continued)
(b) (continued)

The spring is placed, with a mass m, in a tube containing liquid and again, the mass is then
pulled down by a distance 4 metres from the equilibrium position and released.
The spring will move in damped simple harmonic motion.

The mass m at a distance x < 4 experiences, while moving, a new resistance force bx,
in addition to a spring force k(/+ x) and the gravity force mg as shown below.

. : .. bk
(iii))  Show that the equation of the motion of the mass is X+ —x+—x=0.
m m

—bt
(iv)  Given that x = Ae*" cos(a)lt + ¢) is a solution of the differential equation in

part (iii) and that

o b’ Abw,
X = Ae? cos(mt+ ¢)(F - 0)12] +—Le? sin(wt +4), (Do NOT prove this)
m m
kb
show that @, =,|———.
m 4m

Question 15 continues on page 14

— 13 -



Question 15 (continued)

(©) Bernadette is about to skydive for the first time. The forces acting on her will be gravity (mg),
acting downwards which she assigns in the positive direction, and the air resistance is (R = kv?),
in the opposite direction.

Let Bernadette’s mass be m kg. Hence, m ?: mg—kv*.
t

(1) Show that Bernadette’s terminal velocity, v, = rg .

(i)  Given that the initial velocity is v,, show that

L B e ’
2kv, v, =V )\ v+,

where v is velocity.

End of Question 15

14—



Question 16 (15 marks) Use a SEPARATE Writing Booklet.

(a) Show that there exist complex numbers z and w, such 1 + t_1 ,
z w z+w

where z, w # 0.

1

b Let [, =| cos*xdxand J = | ————
() k J n J(x2+a2)" X

1 . k-1
(i)  Show that /, = %smxcos"" X+ — cos* > x dx .

.o . . . . 1 n—
(i)  Using a suitable substitution, show that J =—— J cos’" "9 de
a
: 1
(ii1))  Hence or otherwise, give the exact value of J —dx.
2
o\ X +%)

(©) The distinct complex numbers &, B and y represent the vertices of an
equilateral triangle in an Argand diagram, in order.

(1) Given the three complex numbers above, show that

o'+ +y —(af+ay+pPr)=0

(ii))  Show that the roots of the equation
22 +az* +bz+c¢=0 (1)

represent the vertices of an equilateral triangle if a* = 3b.

(ii1))  Letz=pw + g, where p and ¢ are complex numbers (p # 0).
Using z = pw + ¢ transforms equation (1) to

W+ AW + Bw+C=0. (2) (Do NOT prove this)
Show that if the roots of the equation (1) represent the vertices of an

equilateral triangle, then the roots of equation (2) also represent the
vertices of an equilateral triangle.

End of paper

— 15—
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Mean (out of 10): 7.99












Comments:
Generally, very well done.



Comments:
Parts (i) and (i1) generally, very well done.
In part (ii1), candidates incorrectly evaluated the modulus.









Comments:
Parts (1) and (i1) generally, very well done.
In part (ii1), very poorly done.
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Comments:
Generally, very well done.

Comments:
Generally, very well done. However, many students incorrectly calculated the exact values.






Comments:
Generally, very well done. However, some students the second 2 zeroes.



Comments:
Poorly done. Many students incorrectly calculated the exact values, or used an incorrect
value for .



Comments:
Generally, very well done.



Question 14

(SEE NEXT PAGE)

Solution Marking Marker’s Comments
Scheme
a) Let 1 mark for - Candidates who
u=-x+1 correct used the right
du 1 substitution substitution
—= or tend to correctly
dx  2x+1 equivalent. answer the
24x+1 du=dx question
2w du = di 1 mark for cqrreptly.
correct use - Significant
of number of
J.ez\/xjdx = J.ezu (Qu)du integration candidates made
by parts. error with
integrating by
J‘ezu (2u) du = 2u lezu _ J‘2 9 lezu du 1 mark for parFs secti9n of
2 2 correct their working.
_ uezu _ J'ezudu answer.
2u 1 2u
=ue™ ——e" +C
2
1
jeﬂm dx =[x+ 12V - Eezm +C
b) Prove true for n =2 1 mark for - Majority of the
B 1 3 correctly candidates were
LHS =1+ Py proving able to prove
statement is the n =2 case
true for n = correctly.
2(2) 4
RHS = 2(—1 = 3 2. -  Many
* candidates were
. 2 marks for not able to gain
Smce I%HS >_1;HS correctly full marks for
- true forn = proving the proving the case
_ statement is forn=rk+1.
Assume the statement is true for n =k where ke Z", k>2 true for n = _ Candidates need
fe1al, L2k k+1. to prove strictly
k  k+1 one side is
To prove true forn =k + 1 greater than the
) 1 1 1 2k+2 other side with
o 1 Marks were not
LHS > — +—— (From Assumption) given if
k+1 k+1 candidates fail
to do so.




2k +1
C k+1
Qk+1)(k+2)
C (k+1)(k+2)
2k +5k+2
C(k+1)(k+2)
2k +4k+2+k
(k+1)(k+2)
_ 2k +2)(k+1) N k
(k+D)(k+2) (k+1)(k+2)
_Qk+2) k
k+2  (k+1)(k+2)

where k > 2 i.e. (k+2)#0

> RHS >0f0rk22]

(As k
(k+1)(k+2)

strueforn=k+1

By the principle of Mathematical Induction, the result is true for

all positive integers n > 2.

c) 1)
d (1v2j=4x3 —12x
dx\ 2

e :J.4x3 —12x dx

vi=x'—6x*+C

N = N =

Atx=0,v= 10
5=C

v =2x" —12x2 +10
ii)

Vv =2(x* —6x* +5)
=2(x* =5)(x* -1

=2(x= 5)(x+ 5)(x-1)(x+1)

Forv*>0:x<— 5or—1<x<lorx> 5

As v? > 0 and the particle starts at the origin, it must remain
within the interval -1 <x < 1 or it will reach negative for v°.

- Candidates did
not gain full
marks by just

stating
2k+1>2k+2
k+1 k+2

for k> 2. More
details were
needed to
explain the
statement
above.

- Candidates
should avoid
proving both
sides of the
inequality at the

same time.
- Majority of the

1 mark for candidates did
correct well in this
working. question.
1 mark for
correct
answer
1 mark for - Significant
correctly number of
working out candidates made
the correct a silly mistake
intervals for 2 =5
x for which
v’ >0 or X=E3
equivalent . Anc} use that to
solution explain their result.

Marks were penalised.
1 mark for L
stating the This i1s NOT
particle SHM3 check
starts at the equat}on.
origin and Cand%dates were
is bounded penalised for

by the saying it was.
region.



The information
that the particle
starts at origin
is important and
must be stated
clearly in the
solution to

support their
reasoning.
d) 1) 1 mark for
correct Majority of
let x =tan u substitution candidates did
dx ) and well in this
T =sec u working. question.
dx =sec’ u du 1 mark for
x=1~+3 finding
correct
T T
u=_-= values for a
4 3 and b.
J-\/— dx
tox(1+x%)
z sec’ u

— 13

7 tanu (1+tan’ u)

Z sec’u

=\ ————du
7 tanu (sec”u)

a

V1
4 tanu

=3 ! du wherea:% ana’b:z

3

ii)

1 :J.f cotu du
n

T

< COSu

:J; ——du
3 smu

=[In (sin u)]g

-nfsn()} o (2)

V3 1
=In 7]_1n[$j
=In Q—L
= > h
=In ﬁ
V2
:ln(\/g)—ln(\/i)
=%(ln3—ln2)

1 mark for
correct
integration.

1 mark for
showing
ALL
necessary
working to
achieve the
result.

Candidates were
penalised for
not showing all
necessary steps.
Since it is a
SHOW
question,
candidates need
to provide every
step, not assume
the marker’s
will follow
through with
shortcuts.

Some
candidates did
not how to
integrate cot u
which is a
concern.




e) 1 mark for Many
1) Let a be the complex number at point B the correct candidates did
a=ke" where k= |OB| answer not attempt this
OB is a chord in a circle of radius R (given) question or did
. . . . not get the
CA is perpendicular to OB (tangent perpendicular to radius) dulus at
CD bisects OB (radius to chord bisects the chord) modurus a
- OB=2 % OA point B correct.
.. OC?= CA? + 0A4? (Pythagoras’ Theorem)
OA=.0C* - CA
=\R> —r*
OB =2/R* -/
La=2R—r*e”
Majority of the
i1) 1 mark for candidates did
|DC| = R and DC has an angle of depression of showing not do well in
how the this question.
_(ﬁ _ 9) from point C. modulus is Whilst many
2 derived. candidates did
not attempt this
Then let D be represented by the complex number y 1 mark for question, many
_,-(,_gj how the candidates
y=iR+Re ‘’ argument is “fudged” their
{ p _gJ derived. result by
e' * =sinf—icosd starting from
. . the end or
y =R((sin 6 +i(1-cos0)) howed
|7| = R\/(sin 0 +i(1-cosB)(sinf+i(cos@—1) minimal
working to
= R\/sin2 0 —2cos@+cos” 6 +1 verify the result.
= R\J2(1—cos 0) Marks were
penalised for
=J2R*(1-cos 0) lack of logical
working to

But from the diagram cosé = %

2(R2 —Rr)
Let drg(y)=tang ()
Arg (}/) = 1-cosd (From diagram)

sin’ 0 +cos’ 9_ cos’ 9_ sin’ 0)
2 2

2singcos—
2 2

2sin? Q
2

. 0 0
2sin—cos—
2 2

0
an2 (2)

(Using half angle)

verify the result.




Equating (1) and (2)

0
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